Let w n+2 = pw n+1 + qw n for n ≥ 0 with w 0 = a and w 1 = b. In this paper we find an explicit expression, in terms of determinants, for n≥0 w k n x n for any k ≥ 1. As a consequence, we derive all the previously known results for this kind of problems, as well as many new results.
Introduction and the Main result
As usual, Fibonacci numbers F n , Lucas numbers L n , and Pell numbers P n are defined by the secondorder linear recurrence sequence (1) w n+2 = pw n+1 + qw n , with given w 0 = a, w 1 = b and n ≥ 0. This sequence was introduced, in 1965, by Horadam [Ho] , and it generalizes many sequences (see [HW, HM] ). Examples of such sequences are Fibonacci numbers sequence (F n ) n≥0 , Lucas numbers sequence (L n ) n≥0 , and Pell numbers sequence (P n ) n≥0 , when one has p = q = b = 1, a = 0; p = q = b = 1, a = 2; and p = 2, q = b = 1, a = 0; respectively. In this paper we interested in studding the generating function for powers of Horadam's sequence, that is,
In 1962, Riordan [R] found the generating function for powers of Fibonacci number. He proved the generating function F k (x) = n≥0 F k n (x) that satisfy the recurrence relation
for k ≥ 1, where a 1 = 1, a 2 = 2, a s = a s−1 + a s−2 for s ≥ 3, and (
. Recently, Haukkanen [Ha] studied linear combinations of Horadam's sequences and the generating function of the ordinary product of two of Horadam's sequences. The main result of this paper can be formulated as follows.
The paper is organized as follows. In Section 2 we give the proof of Theorem 1.1 and in Section 3 we give some applications for Theorem 1.1.
Proofs
Let (w n ) n≥0 be a sequence satisfied Relation (1) and k be any positive integer. We define a family
Now we introduce two relations (Lemma 2.1 and Lemma 2.2) between the generating functions A k,d (x) and H k (x) that play the crucial roles in the proof of Theorem 1.1.
Lemma 2.1. For any k ≥ 1,
Proof. Using the binomial theorem (see [WR] ) we get
Multiplying by x n+2 and summing over all n ≥ 0 with using Definition (2) we have
as requested.
Proof. Using the binomial theorem (see [WR] ) we have
Multiplying by x n+1 and summing over all n ≥ 0 we get
as requested
Proof. (Theorem 1.1) By using the above lemmas together with definitions we get
Hence, the solution of the above equation gives the generating function
, as claimed in Theorem 1.1.
Applications
In this section we present some applications for Theorem 1.1.
3.1. Fibonacci numbers. If a = 0 and p = q = b = 1, then Theorem 1.1 for k = 1, 2, 3, 4, 5, 6 yields Table 1. k The generating function H k (x; 1, 1, 1, 1) H k (1/100) 1
2 ) (1−x)(1+3x+x 2 )(1−7x+x 2 ) 31986700 3161716833 (1−x−x 2 )(1+4x−x 2 )(1−11x−x 2 ) 31467947446900 916060399199 Table 2 . The generating function for the powers of Lucas numbers k The generating function H k (x; 0, 1, 2, 1) 1 Table 3 . The generating function for the powers of Pell numbers 3.2. Lucas numbers. If a = 2 and p = q = b = 1, then Theorem 1.1 for k = 1, 2, 3, 4, 5, 6 yields Table 2. 3.3. Pell numbers. If a = 0, b = q = 1 and p = 2, then Theorem 1.1 for k = 1, 2, 3, 4, 5, 6 yields Table 3. 3.4. Chebyshev polynomials of the second kind. If a = 1, b = p = 2t and q = −1, then Theorem 1.1 for k = 1, 2, 3, 4, 5, 6 yields Table 4. More generally, if applying Theorem 1.1 for k = 1, 2, 3, 4, then we get the following corollary. 
